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What are phonons?



What are phonons?

Definition: A phonon, in physics, is a collective 
excitation in an atomic periodic system.



Lattice dynamics: general case

Unit cell
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Vector defining the position of  unit 
cell



Lattice dynamics: general case

Unit cell R⃗a
Vector defining the position of  unit 
cell

R⃗κ

Position of atom κ within the unit 
cell  

Greek characters (k) refers to atoms within the unit cell

Latin characters (a) refers to the different replicas of the unit cell



Lattice dynamics: general case

Assuming periodic boundary conditions...

R⃗a

R⃗κ

Vector defining the position of  unit 
cell

Position of atom κ within the unit cell  

R⃗κ
a



Lattice dynamics: general case

Assuming periodic boundary conditions...

R⃗κ
a

R⃗κ
a
=R⃗κ+ R⃗

a

Each atomic position in the supercell can be 
defined as:



Lattice dynamics: general case

Ions can oscillate around the mean equilibrium positions.

Assuming a small deviation* of an atom from its equilibrium position

*the typical displacement of each ion around the equilibrium position is small 
compared to the interatomic spacing

R⃗κ
a
(t )=R⃗κ

a
+ u⃗κ

a
(t )=R⃗κ+ R⃗

a
+ u⃗κ

a
(t)

u⃗κ
a
( t)



Lattice dynamics: total energy
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Lattice dynamics: total energy

● Adiabatic approximation: electrons are in their ground state of any 
instantaneous ionic configuration.
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Lattice dynamics: total energy

● Adiabatic approximation: electrons are in their ground state of any 
instantaneous ionic configuration.

● Harmonic approximation: the terms beyond the quadratic order are 
negligible.
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Lattice dynamics: total energy

● Adiabatic approximation: electrons are in their ground state of any 
instantaneous ionic configuration.
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Lattice dynamics: Interatomic Force Constants

The second derivatives of the energy are defined as the interatomic force 
constants in real space:

Cκα κ ´β (a ,b)=
∂2Ee+i

∂uκ α
a
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b



Lattice dynamics: equation of motion

The forces exerted on atom κ in the unit cell a is: F⃗κ
a
=M κ a⃗κ

a

F⃗κ
a
=−Cκ αuκ´α

a

Hooke’s Law 

Newton’s 
Law 



Lattice dynamics: equation of motion

The forces exerted on atom κ in the unit cell a is: F⃗κ
a
=M κ a⃗κ
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For each atoms, there are three equations of motion of this type (one for each cartesian 
direction). 
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Lattice dynamics: equation of motion

The forces exerted on atom κ in the unit cell a is: F⃗κ
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Lattice dynamics: equation of motion
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Lattice dynamics: equation of motion

The forces exerted on atom κ in the unit cell a is: F⃗κ
a
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Displacements written in terms 
of a plane wave with respect to 
cell coordinates

Time dependence
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=−Cκ αuκ´α
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Lattice dynamics: equation of motion

The forces exerted on atom κ in the unit cell a is: F⃗κ
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Lattice dynamics

Matrix form:



Solving the eigenvalue problem

Dynamical matrix:

Renormalization of the solution:

~Dκα κ β( q⃗)=
1

√M κM κ

~
Cκα κ β (q⃗)



Solving the eigenvalue problem… in real space
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Solving the eigenvalue problem… in real space
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Force constant matrix in real 
space



Solving the eigenvalue problem… in real space

~Dκα κ β( q⃗)=
1
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~
Cκα κ β (q⃗)=

1

√M κM κ

∑b
Cκ α κ β(0 , b)e

i q⃗ R⃗b

Force constant matrix in real space

We should:
displace the atoms one by one in the unit cell in all the 3 cartesian directions and compute the forces using 
finite differences...



Solving the eigenvalue problem… in real space

~Dκα κ β( q⃗)=
1

√M κM κ

~
Cκα κ β (q⃗)=

1

√M κM κ

∑b
Cκ α κ β(0 , b)e

i q⃗ R⃗b

Force constant matrix in real space

We should:
displace the atoms one by one in the unit cell in all the 3 cartesian directions and compute the forces using 
finite differences...
… but, the force constant matrix in real space decay with the distance between atoms:
We cut the previous sum and consider only a certain number of atoms
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∑
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How do we know if the considered number of atoms is 
enough to represent the system?



How do we know if the considered number of atoms is 
enough to represent the system?

TUTORIAL! 



How to compute phonons with SIESTA



How to compute phonons with SIESTA

● Step 1



How to compute phonons with SIESTA

● Step 1: relax the unit cell and the atomic positions (the tutorial provides a 
converged structure for simplicity.. BUT in the real cases, check carefully 
the convergence as explained in the previous tutorials!



How to compute phonons with SIESTA

● Step 2: Build a supercell

Unit cell (in real space)



How to compute phonons with SIESTA

● Step 2: Build a supercell

Unit cell (in real space)

Supercell (in real space)



fcbuild



Input file to run fcbuild 
and generate a supercell



Variables to define the 
unit cell in real space

Variables to define the 
supercell in real space

Input file to run fcbuild 
and generate a supercell



How to compute phonons with SIESTA

● Step 2: build the supercell



How to compute phonons with SIESTA

● Step 2: build the supercell

This code dumps the information of the 
Supercell in an output file, called FC.fdf, that
contains the structural data of the supercell, 
including:
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● Step 2: build the supercell

This code dumps the information of the 
Supercell in an output file, called FC.fdf, that
contains the structural data of the supercell, 
including:

● The number of atoms.
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● Step 2: build the supercell

This code dumps the information of the 
Supercell in an output file, called FC.fdf, that
contains the structural data of the supercell, 
including:

● The number of atoms.
● The lattice constant.



How to compute phonons with SIESTA

● Step 2: build the supercell

This code dumps the information of the 
Supercell in an output file, called FC.fdf, that
contains the structural data of the supercell, 
including:

● The number of atoms.
● The lattice constant.
● The lattice vectors.



How to compute phonons with SIESTA

● Step 2: build the supercell

This code dumps the information of the 
Supercell in an output file, called FC.fdf, that
contains the structural data of the supercell, 
including:

● The number of atoms.
● The lattice constant.
● The lattice vectors.
● The atomic coordinates and the atomic 
species of all the atoms.



How to compute phonons with SIESTA

● Step 2: build the supercell

INSPECT THE OUTPUT FILE 
BEFORE CONTINUE WITH THE 
TUTORIAL!



How to compute phonons with SIESTA

● Step 3: Compute the interatomic force constants



How to compute phonons with SIESTA

● Step 3: Compute the interatomic force constants

We should displace one
atom at the time, but…



How to compute phonons with SIESTA

● Step 3: Compute the interatomic force constants

We should displace one
atom at the time, but…

We are in periodic boundary 
conditions



How to compute phonons with SIESTA

● Step 3: Compute the interatomic force constants

We should displace one
atom at the time, but…

We are in periodic boundary 
conditions

We need to converge the size of the 
supercell!



How to compute phonons with SIESTA

● Step 3: Compute the interatomic force constants

Input file to compute the IFCs:

Si.ifc.fdf



How to compute phonons with SIESTA

● Step 3: Compute the interatomic force constants

Input file to compute the IFCs:

Si.ifc.fdf

The values are taken from the FC.fdf



How to compute phonons with SIESTA

● Step 3: Compute the interatomic force constants

It generates an output, 
called Si.FC containing 
the FC matrix:



How to compute phonons with SIESTA

● Step 3: Compute the interatomic force constants

It generates an output, 
called Si.FC containing 
the FC matrix:

One atom per line,
the forces are in eV/Å



How to compute phonons with SIESTA

● Step 3: Compute the interatomic force constants

How does it work?
● Atom 1 displaced along -x
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How does it work?
● Atom 1 displaced along -x
● Compute the forces in all the atoms in the supercell



How to compute phonons with SIESTA

● Step 3: Compute the interatomic force constants
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● Atom 1 displaced along -x
● Compute the forces in all the atoms in the supercell

Measure the force
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How to compute phonons with SIESTA

● Step 3: Compute the interatomic force constants

How does it work?
● Atom 1 displaced along -x
● Compute the forces in all the atoms in the supercell
● Atom 1 displaced along +x

Measure the force



How to compute phonons with SIESTA

● Step 3: Compute the interatomic force constants

How does it work?
● Atom 1 displaced along -x
● Compute the forces in all the atoms in the supercell
● Atom 1 displaced along +x
● -y, +y, z, +z
● Atom 2 displaced along -x
● Etc..



How to compute phonons with SIESTA

● Step 4: Diagonalize the dynamical matrix

We now compute the dynamical matric and diagonalize:

~Dκα κ β( q⃗)=
1

√M κM κ

∑
b

bmax

Cκ ακ β (0 ,b)e
i q⃗ R⃗b



How to compute phonons with SIESTA

● Step 4: Diagonalize the dynamical matrix

1) The interatomic force constants in real space are computed

2) A discrete Fourier transform is performed 

3) We obtain the dynamical matrix in reciprocal space.

4) The dynamical matrix is diagonalized.

5) Its eigenfrequencies and eigenvectors are computed.



How to compute phonons with SIESTA

● Step 4: Diagonalize the dynamical matrix

1) The interatomic force constants in real space are computed

2) A discrete Fourier transform is performed 

3) We obtain the dynamical matrix in reciprocal space.

4) The dynamical matrix is diagonalized.

5) Its eigenfrequencies and eigenvectors are computed.

Vibra code



How to compute phonons with SIESTA

● Step 4: Diagonalize the dynamical matrix

Two outputs:

Si.bands: mode frequencies (same format as for electronic bandstructure)

Si.vectors: eigenmodes for each k-point



How to compute phonons with SIESTA

● Step 5: Plot the phonon bandstructure

Do not plot the bands in MN5, download the .dat file, and use it locally in your machine



How to compute phonons with SIESTA

● Step 5: Plot the phonon bandstructure



How to compute phonons with SIESTA

● Step 6: Test the convergence
of the supercell

Check the convergence of the computed phonon band structure with 
respect the size of the supercell, to be sure that all the relevant 
interatomic force constant matrix elements are included.

The simulations for larger cells require more CPU time to generate the 
force constant matrix. 
You can either repeat the procedure explained or directly take the force 
constant matrix prepared for you, direct output of the proposed
simulations. 

The name of the output files are Si.222.FC and Si.333.FC respectively
(FILES subfolder)



How to compute phonons with SIESTA

● Step 6: Test the convergence of the supercell



How to compute phonons with SIESTA

● Step 6: Test the convergence of the supercell



How to compute phonons with SIESTA

● Step 6: Test the convergence of the supercell



How to compute phonons with SIESTA

● Step 6: Test the convergence of the supercell



Questions?
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