Norm-conserving pseudopotentials
in electronic structure calculations
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Atomic calculation using DFT:
Solving the Schrodinger-like equation

One particle Kohn-Sham equations
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Difficulty: how to deal accurately with both
the core and valence electrons

First neighbour  Second neighbour
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Difficulty: how to deal accurately with both
the core and valence electrons

First neighbour  Second neighbour
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Core eigenvalues are much deeper than
valence eigenvalues
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Core wavefunctions are very
localized around the nuclel
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Core wavefunctions are very
localized around the nuclel

/ 3p (-4.18)
3S %—10.83%
2p (-95.63
2S (-139.08)

Core electrons...
highly localized

1s (-1773.77)

very depth energy

Atomic Si ... are chemically inert



Core electrons are chemically inert

All electron calculation for an isolated N atom

Core charge density Valence charge density
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Core electrons are chemically inert

All electron calculation for an isolated N atom

Core charge density Valence charge density
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— Neutral configuration: 1525 2p :

— Jonic configuration +1: 15> 2s” 2p2

— Neutral configuration: 15 25 2p3

— Ionic configuration +1: 1s° 25 2p2
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Core electrons are chemically inert

All electron calculation for an isolated N atom

Core charge density Valence charge density
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Core electrons are chemically inert

= o *
o o o

o
o

2

(4 m r ) x Core charge density (electrons /bohr)

<
So

All electron calculation for an isolated N atom

Core charge density

Neutral configuration: 15 25 2p3

Tonic configuration +1: 1s° 25 2p2

Tonic configuration +2: 15> 287 2p]

Tonic configuration +3: 15> 257 2p0
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Although there are drastic modifications in
the valence charge density

The core charge density remains
unperturbed

Peak due to the 2s all-electron orbitals of N,
(they have a node to be ortogonal with the 1s)




Valence wave functions must be orthogonal
to the core wave functions
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Fourier expansion of a valence wave function
has a great contribution of short-wave length

To get a good approximation we would have
to use a large number of plane waves.




Pseudopotential idea:

Core electrons are chemically inert

(only valence electrons involved in bonding)

Core electrons make the calculation more expensive

more electrons to deal with

orthogonality with valence = poor convergence in PW
Core electrons main effect: screen nuclear potential

Idea:
Ignore the dynamics of the core electrons (freeze them)

And replace their effects by an effective potential




The nodes are imposed by orthogonality
to the core states

! core region




Idea, eliminate the core electrons by
ironing out the nodes




Ab-initio pseudopotential method:
fit the valence properties calculated from the atom




List of requirements for a good

norm-conserving pseudopotential:
D. R. Hamann et al., Phys. Rev. Lett. 43, 1494 (1979)

Choose an atomic reference configuration Si: 1s?2s?2p°®  3s? 3p?

Y h 4
core valence

1. All electron and pseudo valence eigenvalues agree
for the chosen reference configuration

Energy (eV)

All electron Pseudopotential

€3p|-4.17




List of requirements for a good

norm-conserving pseudopotential:
D. R. Hamann et al., Phys. Rev. Lett. 43, 1494 (1979)

Choose an atomic reference configuration Si: 1s?22s22pf 3s2 3p?
H_J H_/

core valence

2. All electron and pseudo valence wavefunctions agree beyond
a chosen cutoff radius R, (might be different for each shell)




List of requirements for a good

norm-conserving pseudopotential:
D. R. Hamann et al., Phys. Rev. Lett. 43, 1494 (1979)

Choose an atomic reference configuration Si: 1s?2s?2p°®  3s? 3p?

Y h 4
core valence

3. The logarithmic derivatives of the all-electron and pseudowave
functions agree at R,
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List of requirements for a good

norm-conserving pseudopotential:
D. R. Hamann et al., Phys. Rev. Lett. 43, 1494 (1979)

Choose an atomic reference configuration Si: 1s?2s?2p°®  3s? 3p?

Y h 4
core valence

4. The integrals from 0 to r of the real and pseudo charge densities
agree for r > R, for each valence state

Re
Q= [ drr [ (r)f

Q, is the same for /s as for the all electron radial orbital y,

U

*Total charge in the core region is correct

‘Normalized pseudoorbital is equal to the true orbital outside of R,




List of requirements for a good

norm-conserving pseudopotential:
D. R. Hamann et al., Phys. Rev. Lett. 43, 1494 (1979)

Choose an atomic reference configuration Si: 1s?2s?2p°®  3s? 3p?

Y h 4
core valence

5. The first energy derivative of the logarithmic derivatives of the
all-electron and pseudo wave functions agrees at R,

Central point due to Hamann, Schluter and Chiang:

Norm conservation [(4)] = (5)

w)

R
Dl = 4 / P22 dr
0

IR

de dr




Equality of AE and PS energy derivatives of the

logarithmic derivatives essential for transferability
Atomic Si Bulk Si

/3p -4.
—_— 3s

e 2p ié%%%%

2s (-139.08)

Energy (eV)

_— 1s (-1773.77)

If condition 5 is satisfied, the change in the eigenvalues to
linear order in the change in the potential is reproduced




Generation of /-dependent
norm-conserving pseudopotential

Choose an atomic reference configuration, i.e., a given distribution of
electrons in the atomic energy levels (degree of freedom)




Generation of /-dependent norm-conserving pseudo:
Step 1, choosing the reference configuration

Question: how to choose the electronic configuration of the isolated atom
(the reference atomic configuration)
so that the pseudopotential remains useful in molecular systems and solids

(the target system)

The reference configuration is arbitrary, the user has a degree of freedom here

If the pseudopotential is transferable enough, the choice is not so critical,
but transferability tests are mandatory

Transferability is expected to work best for electronic configurations close
to the reference one, but it is not obvious for rather different configurations
(would a pseudopotential generated for neutral K work well in K*?)




Generation of /-dependent norm-conserving pseudo:
Step 1, choosing the reference configuration

Standard first choice: ground state configuration of the neutral isolated atom

However, states of angular momenta that are unoccupied in the neutral
atom hibridize with the occupied states in the presence of a different
environment, becoming partially occupied.

In these cases, it is necessary to include these angular momenta as
non-local components of the pseudopotential




Generation of /-dependent
norm-conserving pseudopotential

Choose an atomic reference configuration, i.e., a given distribution of
electrons in the atomic energy levels (degree of freedom)
v
Solve the all-electron radial Schrodinger equation for the chosen atomic
reference configuration
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= sum of electronic charges
n(r)

for occupied states 7 =bare nuclear charge




Generation of /-dependent
norm-conserving pseudopotential

Choose an atomic reference configuration, i.e., a given distribution of
electrons in the atomic energy levels (degree of freedom)
v
Solve the all-electron radial Schrodinger equation for the chosen atomic
reference configuration

1d> I(l+1)
~og2 T g T Venlnd (7")] Uy (1) = €t (7)

Vesr [n] (7“) = Vext (T) + VHartree[n] + ch[n] D _g - /

n( ) = sum of electronic charges
for occupied states

n(r’

), | dr’ + Vieeln]

r—r

7 =bare nuclear charge

v

Parametrization of the pseudo-wave functions for r < [F.according to
any of the available prescriptions (degree of freedom)




Generation of /-dependent norm-conserving pseudo:
Step 3, parametrization of the pseudowave functions

Independently of the method, two
conditions usually imposed:

-Smooth matching between the all

electron and the pseudo wave function
at the cutoff radius R,

- Conservation of the norm of the
pseudo wave function.

Degree of freedom in the choice of the
flavour of the pseudopotential and R,

Several schemes available in the literature for norm-conserving pseudopotentials

Hamann, Schluter, and Chiang [D. R. Hamann et al., Phys. Rev. Lett. 43, 1494 (1979)]
Kerker [G. P. Kerker, J. Phys. C 13, L189 (1980)]

Troullier-Martins [N. Troullier and J. L. Martins, Phys. Rev. B 43, 1993 (1991)]
Rappe-Rabe-Kaxiras-Joannopoulos [A. M. Rappe et. al., Phys. Rev. B 41, 1227 (1990)]




Different methods to generate

norm-conserving pseudopotential

Haman-Schluter-
Troullier-Martins Kerker Chiang Vanderbilt

R. M. Martin, Electronic structure, Basic Theory and Practical Methods,
Cambridge University Press, Cambridge, 2004




Generation of /-dependent
norm-conserving pseudopotential

Choose an atomic reference configuration, i.e., a given distribution of
electrons in the atomic energy levels (degree of freedom)
v
Solve the all-electron radial Schrodinger equation for the chosen atomic
reference configuration

+ Vege|n| (r)] uE(r) = equtF(r)

G . [(I+1)
2 dr? 212

Vesr [n] (7“) = Vext (T) + VHartree[n] + ch[n] D _g - /

n( ) = sum of electronic charges
for occupied states

nl nl

LG ), dr’ + Vieeln]
=

7 =bare nuclear charge

v

Parametrization of the pseudo-wave functions for r < [F.according to
any of the available prescriptions (degree of freedom)
¥

Invert the radial Schrodinger equation for the screened pseudopotential




Generation of /-dependent norm-conserving pseudo:
Step 4, inversion of the radial Schrodinger equation

0.8
Si

Search for the Schrodinger-like equation
that would satisfy the pseudo-orbital

[(l+1)
272

+ Vison(r) | 0> (r) = ey > (r)

[(l+1)
1))+ VES () = ()
d?uy®(r) N I(1+1)
dr? 212
[(I4+1) u}DS(r)
22 dr?

(r) =&

(1) =& —




Generation of /-dependent norm-conserving pseudo:
Step 4, inversion of the radial Schrodinger equation

0.8

Search for the Schrodinger-like equation
that would satisfy the pseudo-orbital

[(I1+1) . 1 d?ul®(r)
272 2uiS(r)  dr?

The inversion can always be done because of the nodeless condition
Note that the principal quantum number has droped, because the pseudization
is done for the lowest-lying valence state of each angular momentum

Higher lying valence states of the same angular momentum correspond to
excited states of the pseudopotential




Generation of /-dependent
norm-conserving pseudopotential

Choose an atomic reference configuration, i.e., a given distribution of
electrons in the atomic energy levels (degree of freedom)
v
Solve the all-electron radial Schrodinger equation for the chosen atomic
reference configuration

+ Vege|n| (r)] uE(r) = equtF(r)

G . [(I+1)
2 dr? 212

Vesr [n] (7“) = Vext (T) + VHartree[n] + ch[n] D _g - /

n( ) = sum of electronic charges
for occupied states

nl nl

LG ), dr’ + Vieeln]
=

7 =bare nuclear charge

v

Parametrization of the pseudo-wave functions for r < [F.according to
any of the available prescriptions (degree of freedom)
¥

Invert the radial Schrodinger equation for the screened pseudopotential
3

Subtract (unscreen) the Hartree and exchange-correlation potentials




Generation of /-dependent norm-conserving pseudo:
Step 5, unscreening of the pseudopotential

The pseudo-wave function obeys

1 &> I(l+1) PS PS
—5ost o+ Vean(n)| w”(r) = ey > (r)

Where the effective potential is computed in the atom

r : : :
Bare nuclei-valence interaction

V(PS ] Computed with an atomic charge density

sc)l . .
) { Hartree interacion
core Valence

f natom atom _|— natom )

includes
LExchange-correlation interacion | / /

Blind to the chemical Extremely dependent
environment on the chemical
environment

In the molecular system or condensed phase, we have to screen the (ion+core)-valence
interaction with the valence charge density computed in the targeted sytem




Generation of /-dependent norm-conserving pseudo:
Step 5, unscreening of the pseudopotential

In the molecular system or condensed phase, we have to screen the (ion+core)-valence
interaction with the valence charge density computed in the targeted sytem

So, the pseudopotential is finally obtained by subtracting (unscreening) the
Hartree and exchange and correlation potential calculated only for the valence
electrons (with the valence pseudo-wave function)

- VHartree [nv] - ch[nv]

sc)l n’U( ) dfr — ch[nv]

7 =7

Where the pseudo-valence charge density is computed as

lmax

S PNt

=0 m=-—1

Exchange-correlation functional in the DFT all-electron calculation used to
construct the pseudopotential has to be the same as in the target calculation




Balance between softness and
transferability controlled by R,

Representability by a Accuracy in varying
resonable small environments

number of PW
TRANSFERABILITY

Larger R.: softer pseudo _ R_=1.90 bohr
— R_=1.30 bohr

First guess: last peak of the
all electron wave function

Shorter R_: harder pseudo




A transferable pseudo will reproduce the AE energy

levels and wave functions in arbitrary environments
Compute the energy of two different configurations E01 ECQ

-Compute the differenceinenergy AF = Fy — Fy
AE*Y = AE®®

*For the pseudopotential to be transferible:

total energy differences in series

1
0.0000
0.4308
0.4961
0.9613
1.4997

2

0.0000
0.0653
0.5305
1.0689

3

0.0000
0.4652
1.0036

4

A

0.0000
0.5384

energy differences in series

1
0.0000
0.4304
0.4958
0.9602
1.4970

2

0.0000
0.0654
0.5297
1.0666

3

0.0000
0.4643
1.0012

4

A

0.0000
0.5369

5
EAE

0.0000

5
EPS

0.0000

3s?2 3p? (reference)
3s2 3p' 3d1

3s! 3p3

3s! 3p? 3d1

3s0 3p3 3d1
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Conclusions

Core electrons...

highly localized and very depth energy

... are chemically inert

Pseudopotential idea

Ignore the dynamics of the core electrons (freeze them)

And replace their effects by an effective potential
Pseudopotentials are not unique
there might be many “best choices”

*Two overall competing factors: transferability vs hardness

‘Norm conservation helps transferability

*Always test the pseudopotential in well-known situations




